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Estimation of Product Moment Correlation Coefficients

Through the Use of the Ratio of Contingency

Coefficient to the Maximal Contingency Coefficient?!

LeRoy A, Stone and Marlo A. Skurdal
University of North Dakota

Over sixty years ago, Pearson (1904) in his fundamental paper on the
theory of contingency clearly indicated some of the difficulties of comparing
the coefficients of relationship, correlation and contingency. Pearson did
show that, with certain reservations concerning fineness of subdivision in
classification, the coefficient of contingency is essentially identical with
the product moment correlation coefficient as deduced from a normal correlation
surface.

In a practical sense, contingency coefficients are not directly comparable
unless derived from the same size contingency tables and they are not directly
comparable to product moment correlation coefficients because of a limitation
regarding upper limits and because of a measurement restriction problem.

The upper limits for contingency coefficients are a function of the number of
categories. The upper limit for a 2 X 2 table is ,707; for a 3 X 3 table, .816;
for a 4 X 4 table, .866; for a k X k table, V(E - 1) /k. :

Over four decades ago, Kelley (1924) presented corrections which may be
applied to make contingency coefficients estimates of product moment correlations.?
The corrections are most tedious and 'time consuming to make. One correction
is for number of categories. The other correction requires the assumptions
that the underlying traits are continuous and normal in distribution. McNemar
(1962, p. 201) suggests that if the assumptions of normally distributed con-
tinuous variables are tenable and if one is justified in reducing a more than
four—cell contingency table to a 2 X 2 table, one can instead determine the
value of tetrachoric r.

The purpose of the present paper is to suggest another and more simpli-
fied approach to use when one desires to compare a contingency coefficient
to a product. moment correlation.coefficient. This approach is not dissimilar

lBased on a paper read at the Psychometric Society meeting, September 2,
1966, New York.

2The need for correcting contingency coefficients has also been shown by
Harris and Treloar (1927) and by Harris and Chi Tu (1929).
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to what some investigators, namely those using coefficients of correlation in
factor analysis, have done to make the phi coefficient supposedly comparable

to r by computing the ratio, ¢ %ax’ when the ¢, value has been determined

by an equation developed by eith&r Ferguson (19%1) or Guilford (1965) involving
the marginal means, p; and ]

We will attempt to empirically demonstrate that the ratio, contingency
coefficient/maximal contingency coefficient (C/Cpay), is also directly comparable
to the product moment correlation coefficient. The bivariate data used in
this investigation were obtained from 45 statistics textbooks. Product moment
correlation coefficients were computed using 74 sets of bivariate data (Ns ranged
from 20 to 6835 and rs ranged from 0.00 to 1.00). When data were cast into
2 X 2 contingency tables, an attempt was always made so as to have dichotomies
as near to .50--.50 proportions as possible. However, the achievement of
such .50--.50 proportions was seldom possible. The dichotomization was also
done so that no contingency table cell would have an expected value of less
than five.

Inequality of means in correlated, dichotomized variables has an effect
upon the size of a contingency coefficient computed from such bivariate data.
The data from 38 of the 74 bivariate data sets were recast into 2 X 2 tables
so that the marginal proportions, pj, Qi Ps> and g+ would vary widely. How-
ever, adherence to the restriction that—exp%tted vaJues for cells must not be
less than five was followed. Some of these bivariate data sets were cast into
as many as 11 different 2 X 2 contingency tables. With each data set, the
C/Cngx ratio which best approximated the computed correlation coefficient
was selected. These selected C/C .y ratios were then statistically compared
to the product moment correlation coefficients. The product moment correlation
coefficient between the selected E/gmax ratio values and the correlation
coefficients was high (r = .934, N =74, p <,001). As should be expected
there was a very high linear relationship between values from these two relation-
ship indices. The intraclass correlation coefficient between these two sets
of relationship estimation values was only slightly lower (R = .924, p <.001)
and represented an estimate of agreement between the two sets of relationship
estimations when they had been classified in 20 groups in which the interval
size was .05, e.g., .00 - .04, .05 - .09, .10 - .14, etc.

The test for the difference between the product moment correlation
coefficient (mean r = .592, S.D. = .257) and the C/C,, ratio (mean C/Cpgx = .558,
8. D. = .247) was significant (C.R.= 3.97, p <.001)7 It appeared that™ the
C/Cpax ratio model provided a conservative estimate of the correlation coefficient.

Inspection of all of the computed E/gmax ratios, from 2 X 2 tables,

(see Table 1) showed that the ratios which Torresponded most closely to the
product moment correlation coefficients were not always the ones which were
associated with fourfold tables having dichotomies nearer to .50 - .50 proportions.
However, we're lead to believe that the E/Qmax ratios which best approximated

the product moment correlation coefficients generally were from the fourfold

tables where p, = Ej‘: .50.
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Twenty of the 74 bivariate data sets were also cast into 3 X 3 tables.
Contingency coefficients and C/Cmax ratios were computed and were compared to
the product moment correlation coefficients. With 10 of these bivariate data
sets, the C/Cpax ratios when compared to the product moment correlation coeff-
icients were less adequate than when the C/Cpax ratios were computed from 2 X 2
tables. Two of the bivariate data sets were also cast into 4 X 4 tables, con-
tingency coefficients and C/C,,4 ratios were computed, and were compared to the
product moment correlation coefficients. One of these two E/Emax ratios repre-
sented a more accurate estimate of the correlation coefficient™Tthan did the
C/Cpax ratios computed from 2 X 2 and 3 X 3 tables. From this limited evidence
it cannot be said that the C/Cpax ratio computed from 3 X 3 or 4 X 4 tables pro-
vide more accurate estimates of the product moment correlation coefficients than
those E/Emax ratios computed from 2 X 2 tables.

The implications of these conclusions for the use of the C/C.,, ratio are
not clear., However, it would appear, based on this empirical demomstration, that

the C/Cph,x ratio may be used as a "quick and dirty" estimate of the relationship
measure provided by the product moment correlation model. No mathematical justi-
fication is offered for this contingency coefficient ratio, E/Emax. However, it
has been pointed out by Guilford (1965) that he has not seen any mathematical
justification regarding the ratio, ¢/Qnax, as an index of relationship and it has
received wide use as a statistical device.



~27-

ve: pe: oG 0s: 8e " 8E- 00T

L5° € 9nt oy 9%
98" vyI° 18" 61" c0°
T 6z 997 e 70"
9yt 95t 9yt g T vz 66
29" 8¢t 79°  se 6L"
T 6zt 8T £9°
cy' et 05t 0 790 190 76
z5t 8t 99 e Ty
T 690 997 e £y
e 69T 69°  TE 65"
90" w6 90" 16" 09"
€' 690 Te 69" 69° St %9
90" w6'  6° 90" 60"
€ 69" %6 90" 72"
9° w6  90° %6 87"
e 69° 90" 76" g€
' 697 69° T zy"
T 697 TET 69" 97" 0% %9
€' 69° 90" ¥6° ot
€ 690 TE 69" 81"
69° Te' TET 69 €z
69" Te 90" %6 720 STt 49
90" w6' Te' 69" <o"
e 697 TE 69" 20" 00" 49
VEEEES S VA2 £c"
29" 8er w9t 9g £9°
87" 25t I 65" oz 9
B W W W™ iy o1 §

T6° 60 T16° 60" 9"
08 07" Ll €2 8L"

99" vt TS" 6 88"

99" 9 99T 9¢” 68" €6°
et 9t €97 LE Ly

o' cEr €97 L€ €5° 9L
9"  ¥6' 90" ¥6" 00°T

e 690 TeT 69 00°T 00°T
1€ 69°  %6° 90 (T

90°  ¥6' TET 69 %

66" T9' 65T Ty 8L

65" Tvt 65 Ty 78"

6€° 19" Sy SS 88"

0" 08" LT' €8 €6 16"
82° 7.° 7€t 89 9G "

oL*  0gt 85T T 95" 89"
09° Oy’ €9 L€ o€

et 99" 0% 09° 75"

6v" Tt TST 6v° gt

€9° €0 €9 LE 9e" €
g88* ¢I' 88" Tl 0z

220 8L Tl 8L 9L

€0 69" TET 69 69"

05* 05T €5 Ly £

79t 95 €8¢ Ly py-

P90 95t TET 69° gn' €5
<€t 9T 09° Of° 16"

09°  oy' 09 O% 69" 09"
B & T T gy o3

(®21S N 03 BuTpiocooy paBueily) SonTep T[BUTIZAEN SUTA23IIIq

U3t poanduo)y ‘¥EWy

T @I9ElL

/O pue I ¢sS0T3sIieag drysuolleray

69

69

%9

6%

0%

Se

(A%

0¢

Z



-23-

09° ov* 65" v LG ve: 9L 6% TG 0L®

ol* 0f£° 69° Tg° 95* <S* T8z 79° 8¢t 6% 1S 98° 6.° €61
65  TvT IG5t gh 76+ $9*  ¢g*  SET 9 Ly

Zvt 8¢t T19°  6E° She 8%t 76T $9°  Ggt 79 8E” 6%

¥9*  9g*  [G*  gh 90 * %€*  99°  79° 8g” 05’

9¢*  H9°  [GT  gh* L0° 80°  z6T PE*  99°  GEg* G9° 75° 09° 02T
8%° 7St 95 hr otT" Sgr Svr 05T 0S° 9%

67" T.° 01° 06 0" o' 09" 8¢' 79" o

6° T9° z¢T 89 90° €0° 88T 67° TL° 120 €L° 9¢* [g*  €TI
08° 0z° 61" 18 67 65 ThT 99" 9g° €0

T.° 67" 677 TL” /5" 89° 7€' wL" 9T 90

8S* 7v* Iyt 8S 8g" g9t 96" GG' Gy- 0z

67" IS 8S b €9* 89*  6HI Pyt 96*  8g' 79 60° €T°  OIT
0$*  0S*  19°  6€" 9 vt 8ST  09° 0%° 7e .

8¢ zv*  19°  6E° 69" vt 8%t Sgr €9 9G*

o7t 09 SZ°  GL gL 60° 16" L0 £6° 9g

0$*  0S'  T%' 65" 9,° 78  TvI 9S*  HpT  SEt §9° 19°

%6* 9% 43°  9T° 74 96 wvt €L° LT 69"

ge*  79°  L9*  gg 69" 95+ w9t 09" 0% g

wG* 9%t /9" gg- 96 * €Lt [zt 09 oO%° 6L°

8¢*  79'  ¥8* 9T 19° 6S°  O%T €Lt Lzt sl LT 6,° 8L° 90T
I2°  6L° 170 6L° 00°1 ST* $8° 80" 76° 09"

9€°  %9* 9 9" 00°T 75 8% TET 69" 5"

BG* 9ht HGT gh- 00°T 00°T 00T T€*  69° TE° 69° IS %St 68

St Syt 05T 06 L [9° €€° 09 o%° 00

[E°  €9° 87" Tl L £9°  €£°  6£° T9° €0°

vz 9L° 6T T8 08" €€°  [9°  6E° T9° T°

wh*  95°  0G' 0% €8° 78° 00T €€ 19" 09° 0O%° 80° L0° Gl

89° z€* L9  g€g A BS* 9%t 9Gt gyt 9.

88" zT° €8 LT g L9 €5 9G*  wy* St s1t L

5 B B T Syo1 X 5 & % I 55 3 M

(penuTiuod)

T =198l



24 -

e
e’
6¢g-
0¢-
08

LLe:
L9
G*
0¢-
ot

A%
6¢°
39
0¢-
6L

65 69°  0T¢

N

O

~
)
=]

(p3nuTtiuod)

T @1qelL

0¢:
09°
08"
VAl
AR
€L
€S
A
T6°
1T
6¢”
18"
18"
e
6¢"
6¢"
9

0s”
ov-

9%
9%
Lece
Ly
87"
60"
68"
19°

6T"
9L°
19°
T9°
8¢

68
9L
LLe
9
86"
A
8-’
8’

08"

LG

98"

¢t

20¢

€61

=



-25-

References

Ferguson, G. A, '"The Factorial Interpretation of Test Difficulty.'
chometrika, VI (1941), 323 - 333.

Guilford, J. P. "The Minimal Phi Coefficient and the Maximal Phi."
Educatjional and Psychological Measurement, XXV (1965), 3 - 8.

Harris, J. A. and Chi Tu "A Second Category of Limitations in the Appli-
cability of the Contingency Coefficient." Journal of the American Statistical
Association, XXIV (1929), 367 - 375.

Harris, J. A. and Treloar, A. E. "On a Limitation in the Applicability of
the Contingency Coefficient." Journal of the American Statistical Associationm,
XXIT (1927), 460-472.,

Kelley, T. L. Statistical Method. New York: Macmillan, 1924,

McNemar, Q. Psychological Statistics (3d ed.). New York: Wiley, 1962.

Pearson, K. '"On the Theory of Contingency and Its Relation to Association
and Normal Correlation.'" Drapers' Company Research Memoirs, Biometric
Series, London, I (1904), 1 - 35.




-26-

MULTIPLE COMPARISONS IN A REGRESSION FRAMEWORK
John D. Williams
The University of North Dakota

In an analysis of variance framework, a great deal of effort has
been expended in the past two decades with the multiple comparisons situa-
tion. Essentially, the concern has been to preserve the probability Tevel
in the experimental situation, and still make additional tests involving
the means, 1in addition to the main effects test that is usually made in a
one-way layout.

Within the analysis of variance framework, several tests for multiple
comparison have been devised. Dunnett (1955, 1964) constructed a test appli-
cable to the situation in which several experimental groups are to be compared
to a control group. Duncan's (1955) test is useful to comparing each mean to
every other mean. Dunn (1961) devised a test which would retain maximum power
if a Timited number of comparisons are of interest and are decided upon on an
a priori basis. A test which is useful on an a posteriori basis is Scheff&'s
(1953) test. This test is amenable to data snooping, but has the drawback of
lTosing power, as compared to the other methods.

Each of the previously mentioned tests require either additional tables
or, in the case of Scheffé's test, a modification of the usual tables for the
F test. On the other hand, these same tests can be achieved by using multiple
regression as a problem solving technique. There is one Togical extension here:

appropriate tables should be consulted. This point will be elaborated on in

more detail later.
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An T1lustrative Example

Suppose the following information were available on four random

groups:
GROUP 1 GROUP 11 GROUP TI1I GROUP TV
9 8 13 15
8 7 10 12
6 8 12 10
3 6 11 17
4 6 14 17
X] = 6.0 X2 = 7.0 Xy = 12.0 Xg = 13.0

/

The different types of multiple comparison procedures involve dif+
ferent hypotheses (i.e. restrictions). The various types of mu]tipie com-
parison procedures to be considered in this paper are the following: Dun-
can's multiple range test, Dunn's "c" test, and Scheff&'s test. Dunnett's
test for several comparisons with a control has been treated elsewhere
(Williams, in press).

Duncan's Multiple Range Test

~For the data presented in the illustrative example, there are (g), or

6, comparisons of interest (that is, all possible contrasts of pairs) for

Duncan's multiple range test. They are the following:

X1 to Xp
X to X,
¥y to %,
X, to X3
X, to Xy
3 to Xq

The full model for the data in the example is:

U+ biXy + b X, +bX, +bX +E (1)

Y = by 149+ Dohy + Dok 4”4

where

U =a unit vector
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>
It

] 1 if the score is from a member of Group 1; and O otherwise

><
)

1 if the score is from a member of Group II; and O otherwise

2
X3 = 1 if the score is from a member of Group III; and O otherwise
Xg = 1 if the score is from a member of Group IV; and O otherwise
bO - by are the regression coefficients determined by the Teast
squares method
E. = the error involved in prediction

Restricted models in the regression framework are easily developed.

For example, for the hypothesis‘Y] = Yé, if the regression coefficients are

equated in the full model (b] = b2 b6), then the restricted model can be

found:

Y = b5U + b6X] + b6X2 + b6X3 + b6X4 + E2

Y = bgU + b6(X1 + XZ) + b7X3 + b8X4 + E2 (2)

Let V4 =1 if the score is from a member of either X1 or X2; and 0
otherwise

Then equation (2) can be transformed:

Y = b5U + b V1 + b7X3 + b8X4 + E2 (3)

6
Equation (3) in the restricted model for the hypothesis Xy = X,.

Similar restricted models can be written for the remaining five comparisons.
To make this more specific, Table 1 contains a useful formulation for this

situation.
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Table 1

A Regression Formulation of Duncan's
Multiple Range Test

13
10
12
11
14
15
12
10
17
11
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To make the comparisoh of‘?} to 7},,the following equation can be

used:

2 2
REpM - Ropu) /1
P - ( " (4)

<1 - RZFM>/ df,,

2
The R gy is a term used for the square of the multiple correlation

coefficient in the full model, and RZRM is a term for the square of the

1

multiple correlation coefficient in the restricted model. The df, term is

equivalent to the degrees of freedom for within in an analysis of -variance.
situation; in the present situation, df,, = 16.

For the present comparison,

Rey = 84516, and Repy = .71429 -
.70463 -

RZRM = .83942, and RZpy

Using equation (4), F/ = 5414

The focal question centers upon the evaluation of this number. One
approach is simply to compare it to the F distribution with 1 and 16 degrees
of freedom. Because the F distribution with 1 and k degrees of freedom is

2, it can be seen that, by using the F distribution in a straight-

equal to t
forward manner, the evaluation has the same inherent problems as the usual
t test. Also, in using Duncan's test, the experimenter knows he is going
to make (2) comparisons. Before answering directly the question concerning
the evaluation of the outcome of F/ = 5414, the other comparisons of inter-
est are made.

A second comparison of interest in using Duncan's test is comparing

Y‘l to X3'
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The full model is:
With the restriction b'l = b3 = b]O,

Y = bglU + b]0X1 + b”X2 + b10X3 + b12X4 + E3

bgU + b]O(X] + X

Y + by X, + E

3) 2t Pl T Ey
Let V, = 1 if the score is from either a member of Xy or X3; O

+ b]]X

otherwise

Then

Y = bgl + bygVp + byyXy + byoXy + Eq (5)

Equation (5) is the restricted model for the hypothesis X7 = X3;
R = .60564 and R® = .36680. F” = 19.4602.

The additional comparisons were made by going through this pro-

cedure four more times.

For the comparison of X7 to X4, for the restricted model, R = .49124,
and R? = .24132, with F/ = 26.4875;

For the comparison of X, to Y}, for the restricted model, R = .68773,
and R® = .47297, with F/ = 13.5144;

For the comparison of'Yé to‘Yh, for the restricted model, R = .60564,
and R? = .36680, with F7 = 19.4602;

For the comparison of'73 to'YA, for the restricted model, R = .83943,

and R = 70464, with F/ = .5414,

Before interpreting these calculations, it is worthwhile to order the
groups concerning the size of the means. The order from low to high is the
same as the subscripts; that is, 7] is the Towest, 7} is the second Towest,

753 is next to highest, and'YA is highest.
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To evaluate these calculations, in each case, the square root of
the F/ value is found. This number is then compared with the appropriate
number from Duncan's tables (Duncan's tables can also be found in Edwards,
1968).

This is an important point: to make appropriate probability state-
ments concerning the outcome of a series of comparisons, an appropriate
table should be used. When making more than one comparison, the only times
the F distribution could be dfrect]y used occur when the comparisons are
orthogonal; even this concession to using the F distribution is sometimes
disputed.

Table 2 summarizes the comparisons, using Duncan's multiple range

test.



-33-

Table 2

Duncan's Multiple Range Test in a Regression Formulation

Comparison F/ VF/ =t Region of Rejection

at .05 Tevel Decision
X to Xy 5414 .735 t » 2.469 - retain H,
T to Xy 19.4602 4,411 t 2 2.5% reject H,
W toXg  26.4875 5.147 t > 2.673 reject H,
T, to X3 13.5144 3.680 t 2 2.469 reject Hy
X, to T4 19.4602 4.41 t > 2.59 reject Hg
X3 to %, 5414 736 t 2 2.469 retain Hg

If the F distribution had erroneously been used, the region of
rejection would be t =\/F] 16 = V4u49 = 2.12. Thus, by using
the tables for Duncan's multiple range test, it is less probable for the

null hypothesis to be rejected. Of course, this is to be expected.
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Dunn's "c" Test
Dunn's "c" test allows for a powerful multiple comparison method
when the comparisons are planned beforehand and are few in number. Sup-

pose the following four comparisons are of interest:

3('] to X,
73 to _4
3?] to Yé
T v 174 17 4 Iy
X'| to :_’)XZ + 3X3 + §X4

The restricted models for the first three are identical to the
same hypothesis in the previous section on Duncan's multiple range test,
and the first three columns of Table 2 are relevant. For the final

hypothesis, the restriction is

Since the full model is
Y = bOU + b]X] + b2X2 + b3X3 + b4X4 + E],
the restricted model is

Y

i1

1
b]SQ + b]4X1 + 3b]4(X2 + X3 + X4) + E4
Y

b]3U + b14(3X] + X2 + X3 + X4) + E4
3

The full model, of course, is the same as equation (1). For the
restricted model, R = 56153, with R2 = .31532. Using equation (4), F/=
22.3441. As was the case for Duncan's multiple range test in Table 2, a

table can be made for Dunn's "c" test. Before constructing‘the tab]e, the
t value is found by the transformation t = F7. These values for the first
three comparisons are the same as in Table 2. For the last comparison,

t = \[EETEZZH = 4,832 Table 3 contains the comparisons Tisted in this

section, using Dunn's "c" test as the multiple comparison technique.
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Table 3

Dunn's "c" Test In A Regression Formulation

Region of Rejection
Comparison F/ VF/ =t at .05 level Decision
¥ to X, 5414 .735 t > 2.818 Retain
X3 to %y .5414 735 t > 2.818 Retain
Xy to X3 19.4602 4.411 t > 2.818 Reject
- 1= 17 1< .
X1 to §X2 + §X3 + §X4 22.3441 4.832 t > 2.818 Reject

The critical values for this test are obtained from tables in
Dunn's article. Again, these values are used rather than using the F
distribution or the t distribution directly; the reason for using these

tables is to preserve the apparent probability level.
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Scheff€'s Test

Scheffé's test will allow any comparison to be made, including any
a posteriori comparisons that might be interesting to the researcher. This
test does, however, have an accompanying loss of power. The same procedure
for definition of full and restricted models is used (as was the case in the
two previous sections of Duncan's multiple range test and Dunn's "c" test).
The difference lies in the distribution to which the value found from equa-
tion (4) is to be compared; the correct distribution to be compared to is
(k=T)e( Frot, N-k.

While it is impossible to Tist all comparisons that might be considered
(there are an infinite number of such comparisons), it should be pointed out
that beyond the seven comparisons given in the two previous sections, compari-
sons such as:

]X1 + 97 = §Y3 + %Yh
can be considered. The restrictions on the regression coefficients for such
a comparison would be:

o1+ §op = 03+ Fu
A simpler expression of these restrictions is:

b, + 8b, = 3b3 + 4by.

The same comparisons listed earlier are considered from the point of

view of Scheffé's test, and the results can be found in Table 4.
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Table 4

Scheffé's Test In a Regression Formulation

Region of Rejection

Comparison F at .05 level Decision
X7 to Xy 5414 F/ > 9.72 Retain
X, to Tg 19.4602 > 9.72 Reject
X1 to %y 26.4875 /> 9.72 Reject
X, to Ty 13.5144 F/ > 9.72 Reject
Xo to Xy 19.4602 F/ > 9.72 Reject
X3 to X, S 5414 F/ > 9.72 Retain
Ty to 3%, + ¥y ¢ 3, 22,3041 > 9.72 Reject

The region of rejection is defined by (k—12¥ Fi-1> Nok Which is
3(3.24) = 9.72.
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SUMMARY

In using multiple rearession as a problem solving technique, one
problem that might arise is the overuse of a full model with several re-
stricted models, without adjusting the probability level. Such an approach
would violate the apparent probability level. This has long been a concern
in statistics. Several multiple comparison procedures have been developed
for different situations.

The intent of the present paper has been to extend some of the
better known multiple comparison procedures to a multiple regression
approach. The major change in the reqression approach is to assess the
result of multiple uses of a full model to a correct distribution, rather

than a straight-forward usage of the F distribution.
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